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Algorithm 1 The GMRES method

1: Choose the initial guess, and computeg = b — Axg
2: Setf = ||roll2, v1 = 7o/
3 Forj=1,2,...,k, Do:
4:  Computew; = Av;
Fori=1,2,...,7, Do:
hij = (wj, v;)
wj = w; — h; jv;
End For
hjt1,; = ||lwjll2. If hjy1; = 0then Setk := j and go to 12

100 wjpr =w;i/hj
11: End For
12: Define the(k + 1) x k Hessenberg matrikl, = {hijhi<i<k+1,1<j<k

13: xp, = xo + Vi sk, Wheres,, = arg min ¢ ||Ser — I;Tks||2
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Algorithm 2 The GMRES{n) method
1: Choose the restart frequengyand the initial guess(()l)
2: Forl=1,2,...,until convergenc®o:

w

Solve (approximatelydx = b by m iterations of GMRES with the initial guessg), and get

the approximate solution!’)

Update the initial guess! ™" := z!/

5. End For
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Algorithm 3 A Look-Back GMRES{n) method

1
2

w

»

5:

: Choose the restart frequeney, the parametet > 2 and the initial guess

(1)

: Forl=1,2,...,until convergenc®o:

Solve (approximatelydx = b by m iterations of GMRES with the initial guessé”, and get
the approximate solution!’)
Compute the vectog+1) as follows:

If | =1theny(+) =0

If { > 2then
If (| =k=2)or (k:even, < %)or (k:odd,l < £1) then
Az®) = m%) — ac((]l)
Else .
1—k
AplD) — m%? — am(n iil (k : even)
z') — ac[()l*T) (k : odd)
End If
YD = OAZO 1O = argmin,ec |[r) — pAAzO||,
End If

Update the initial guess!| ™) := () + y(+D

6: End For

Table 1 The number of operations per restart cycle and storage requirements of GiRES(
Look-Back GMRES(n).

Method GMRES(n) Look-Back GMRES(2)
k :even k : odd
Mat-Vec m+1 (m+1)+1
AXPY (m? +5m+4)/2 (m?+5m+4)/2+3
Inner-Product (m? + 3m + 2)/2 (m?+3m+2)/2+2
Storage (m+2)n (m+2)n+%5n (m+2)n+Eln
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Table 2 Characteristics of the coefficient matrices of the test problems for GMRE®SE Look-

Back GMRES{n).

Matrix (Type) n Nnz Ave.Nnz Application area
CAVITY10 (R) 2597 76367 29.41 Computational fluid dynamics
KIM1 (C) 38415 933195 24.29 2D/3D problem
LIGHT_IN_TISSUE (C) 29282 406084 13.87 Electromagnetics problem
RAJATO3 (R) 7602 32653 4.30 Circuit simulation
WAVEGUIDE3D (C) 21036 303468 14.43 Electromagnetics problem
XENON2 (R) 157464 3866688 24.56 Materials problem
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Table 3 Convergence results (Iter : number of iterations,; : total computation timefgestart
computation time per restart cycle, TRR : le®f explicitly computed relative residual 2-norm) of
GMRES¢n) and Look-Back GMRES#) for m = 30.

Matrix Method Iter Time[sec.] TRR
I Total {Restart
CAVITY10 GMRES(n) f T 8.48 x 1073 -7.03
LB-GMRES(n) 24811 7.28 x10°  8.80 x 1073 -10.00
KIM1 GMRESn) 2824 3.72 x 10! 3.96 x 10~%  -10.00
LB-GMRES(n) 3971 5.35 x 101 4.05 x 10~! -10.00
LIGHT_IN_TISSUE GMRES{) 2964 2.60 x 101 2.62 x 10~* -10.00
LB-GMRES(n) 938 8.29 x 10° 2.66 x 10~* -10.00
RAJATO3 GMRES(n) 1 T 1.43x10°2  -0.55
LB-GMRES(n) 14881 8.24 x 10° 1.65 x 1072 -10.01
WAVEGUIDE3D GMRES(n) 35268 2.36 x 10 2.03 x 10~%  -10.00
LB-GMRES(n) 29745 2.02 x 102  2.03x10~! -10.00
XENON2 GMRES(¢n) 15677 3.92 x 102 7.50 x 10~*  -10.00

LB-GMRES(n) 2371 6.05 x 10!  7.65 x 10~! -10.00

XENON2O OO DO O, Look-Back GMRES(:) 0000 0000000000000 O000O000O
0, Look-BackD 000000000 ODO0O0OOO.

00,1000000000 mOO0)00000000 (trestarr) D 000000 0. Look-Back
GMRES(n) 00 GMRES(n) 000,10 00000000000000000000 10%0
0000000.000,0000000 Look-BackiODOOOD 10000000000000
1000000000000000 AXPYOOOOOOOOOOOOOOOO0OOOO (Table 10
0).

000000000 (breta) 00000000, Look-Back GMRES) O O, GMRES(n) O O
00,000000 (te)00000,00,100000000000000000 (fRestart) 0 0
00000000000000,00000,KM1O000000000000000000000
ooooooo.

googd

00000, GMRES() 00000000 Look-Back GMRES{:) D00 DO OO0O0ODOO
0000,00000000000000000. 000000, Look-Back GMRES() O O
GMRES() 00 10000000000000000000O0000000,00000000



(d) CAVITY10 (a) KIM1

g g

g 0 ‘ : 5 0 : ‘

= GMRES(m) - = GMRES(m) -

a 2 I\ .. Look-Back GMRES(m) —— | a 2 Look-Back GMRES(m) —— |

g o4 g o4

o °

R 6 2 -6

E ........ 5

[} jo)

- -8 - -8

5] °

en -10 : : ! . o -10 . . ‘

2 0 20000 40000 60000 80000 100000 = 0 1000 2000 3000 4000
Number of Iterations Number of Iterations

g (b) LIGHT IN TISSUE g (d) RAJATO3

E ) ‘ : : SV e ——

2 .. GMRES(/m) e L T

a 2 |\ . Look-Back GMRES(m) —— | a 2

< =

5 e, 5

3 =}

s 4r 5 4

o o

2 -6 5 -6

= =

[ e

5 87 s 8 GMRES(m) -

o = Look-Back GMRES(m) ——

iy -10 L L L L L - firy -10 L L N L

= 0 500 1000 1500 2000 2500 3000 = 0 20000 40000 60000 80000 100000
Number of Iterations Number of Iterations

g (d) WAVEGUIDE3D g (f) XENON2

3 0 w 3 0 g w w

g GMRES(m) g GMRES(m)

CT: a2t Look-Back GMRES(m) —— | % ol Look-Back GMRES(m) —— |

;E —5

5] 4 5] 4

o o

Z 6 Z 67

= =

jo) j5)

- -8 - -8

5] )

oo -10 : o -10 ‘ ‘

2 0 20000 40000 = 0 5000 10000 15000 20000
Number of Iterations Number of Iterations

Fig.1 The relative residual 2-norm history of GMREg(and Look-Back GMRES®G) of m =
30 without preconditioners for KIM1, LIGHTIN_TISSUE, NS3DA, RAJAT03, RDB5000 and
XENONZ2.
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